Modelling and design of a robust controller for fixed-frequency PWM DCto-DC power converters are well-known problems and have been intensively investigated in the literature. However, none of the existing studies considers the variable-frequency applications recently employed to improve efficiency. This paper focuses on synthesizing a robust compensator for a variable-frequency, wide operating range, flyback converter using the H∞ framework. The simulation results show that it is possible to design a single controller that can preserve stability over the whole working range of the converter, but robust performance may be compromised.
I Introduction
In the field of AC-to-DC external power supplies, a single stage flyback converter, as illustrated in Fig. 1 , is a primary candidate for low-power applications, due to its inherently simple structure and cost-effective nature. Owing to the urgent demand for energy saving, various techniques have been recently proposed to reduce the losses occurring inside flyback converters [1, 2] . Due to the nature of these approaches, these converters usually have multi-operating modes and variable switching frequencies. Existing control methods for these multi-operating mode converters are heavily based on trial and error expertise [1, 2] . Though some studies claimed that their controllers are stable and provide good performance across all operating points [1] , no theoretical proof has been provided so far. Therefore, this paper focuses on a systematic approach to the synthesis of a H ∞ robust compensator for a variable frequency, wide operating range, flyback converter.
The remainder of this paper is organized as follows. Section II conducts a systematic review of robust control for power converters, while the operat- ing principle and small signal model of the flyback converter, as shown in Fig. 1 , are briefly sketched in Section III. Based on the design framework and converter specifications, a robust controller is obtained in Section IV. The controller performance analysis and conclusion are presented in Sections V and VI respectively.
II Robust control for power converters: a review
Designing a robust control that guarantees a stable operation and good performance, regardless of the plant uncertainty, has drawn attention from researchers in both academia and industry [3, 4, 5, 6] .
In the field of power converters, such control strategies, e.g. H ∞ analysis, µ−synthesis, etc., have been widely applied to various applications, ranging from buck-type to resonant-type converters.
The first H ∞ control for a DC-to-DC converter can be traced back to the publication of Naim et al. [7] . These authors applied H ∞ theory to stabilize the operation of a fixed switching frequency boost converter and simultaneously achieve good performance. Though the study showed interesting comparisons between robust control, current programmed control and feed forward control, the results are only valid for small deviations of the input voltage and output load from their nominal values. This limitation is due to the modelling approach used in [7] , which simply considers the changes in the supply voltage and load current as exogenous signal disturbances rather than model uncertainty. Encouraged by the work of Naim et al. [7] , other authors have subsequently extended the case study to different converter configurations [8, 9] and have improved many shortcomings in [7] , such as the presence of non-zero steady state error and no experimental verification. However, the studies in [8, 9] still suffer from the small signal assumption of the model used and need to be applied with care for large signal variations.
In addition to the H ∞ robust approach, applications of µ-analysis in control design for power converters can be found in [10, 11, 12, 13, 14] . Particularly, Wang et al. [10] modelled parameter variations in a series resonant converter as input multiplicative perturbations, and employed the µsynthesis procedure to obtain a robust controller. In a very similar manner, [11] presented a study for a parallel resonant converter while [12] demonstrated a robust design for a current-programmed controlled buck-boost converter. Since the effects of operating point movements were included in the models, the designs in [10, 11, 12] can satisfy both robust stability and performance over a wide range of operating conditions. The only concern is that the use of unstructured uncertainty, to describe the plant variations, can lead to a very conservative model and thus results in poor closed-loop performance. Addressing this limitation, Tymerski [13, 14] suggested using structured uncertainty to evaluate component tolerances in a DC-to-DC converter and representing the system equations in the ∆ − M form, which is most convenient for structured singular value (µ) analysis. The comparisons in [14] show that, for the given set of parameter variations, the structured uncertainty modelling technique yields controllers which outperforms those returned by the unstructured uncertainty representation. Although it is more advantageous, in terms of achievable performance, to use structured uncertainty and µ-analysis as a control synthesis procedure for DC-to-DC converters [13, 14] , certain types of perturbations, such as variations in the operating mode or in the switching frequency, could not be rearranged in the ∆ − M form [15] .
Other robust control techniques are also considered and applied to the area of PWM converters in [16, 17, 18, 19, 15] . For example, [16] makes use of the loop transfer recovery (LTR) methodology to obtain a compensator for a series parallel resonant converter, while, in [17] , a combination of H ∞ and classical loop-shaping control is employed to enhance the transient response of a buck converter, as well as to ensure a robustly stable operation. Realizing the practical limitation of H ∞ and µ-analysis strategies, Olalla et al. [15] proposed an alternative control approach, based on Quantitative Feedback Theory (QFT), to tackle a wide change in parameters and operating mode of a buck converter. Experimental results of the QFT-based controller show good rejection to input voltage disturbances and output load variations, fast tracking of the reference signal, and stability under any excitation conditions. The applications of QFT to other converter topologies have carried out in [18, 19] , but no experimental results are available.
In summary, modelling and design of a robust controller for fixed PWM frequency DC/DC power converters are well-known problems and have been intensively investigated in the literature. However, none of the existing studies considers the converter applications with a variable switching frequency. In this paper, the mixed-sensitivity H ∞ approach is applied to synthesize a robust compensator for a variable-frequency flyback converter.
III Small signal model of peak current mode flyback converter
The control design in Fig. 1 operates like traditional (peak current mode) PCM control, except that the switching frequency is variable, instead of fixed, and determined by the efficiency-optimized frequency modulator. The primary-side sensing (PSS) function provides the feedback signal for the compensator, and the input voltage and load current estimation for the efficiency-optimizer block. For a broad external excitation and switching frequencies, the flyback converter, as shown in Fig. 1 , will operate in both continuous and discontinuous conduction modes (CCM and DCM), hence a small signal model of the converter, for each working scenario, is required. Since a peak current modulation is utilized in Fig. 1 to generate the PWM signal, the small signal model can be derived based on the principle as described in [20, 21] . Figure 2 shows a complete block diagram of the small signal model of both CCM and DCM flyback converters, taking into account the effects of the PSS function, voltage divider and current sense circuitry. In order to design the robust compensator G c (s), it is necessary to know the transfer functions of all blocks within the control loop. It is assumed that the PSS function performs correctly and consistently, irrespective of the variations of the converter operating point. Therefore, the transfer function from the output voltage v out (t) to the feedback voltage v f b (t) in Fig. 1 can be simply modelled by
where N s and N b are the number of turns in the secondary and bias windings, respectively. H div represents the voltage divider gain. The current sensing gain can be simply derived from the sense resistor R s and current amplifier gain H amp via
For different working modes, the transfer function of the flyback converter, i.e. G vc (s), will be different, so a separate derivation is required for each operating scenario.
a) G vc (s) in CCM
Using the state averaging method outlined in [20, 21] , with an assumption that R s is small and can be ignored and that all components are ideal, one can work out the transfer function G vc (s) in CCM as
where
Recall that n = Ns Np is the transformer turn ratio, M a is the slope of the compensation ramp i a (t) and T pwm indicates the period of the PWM signal. Capital letters V in , V out and D denote steady state values of signals at an operating point, while lower case symbols with a hat on them, such asv out ,î c , etc., represent signal deviations from their operating points.
b) G vc (s) in DCM
Similarly, the control signalî c (t) to output voltagê v out (t) transfer function in DCM is given by
IV Robust controller design
In this paper, a 65W flyback converter design, whose parameters and working range are summarized in Table 1 , is chosen as an example for our study. The synthesis of an H ∞ controller for such a system is described step-by-step in the next parts of this section. 
where G(s) denotes the nominal plant model with no uncertainty while G p (s) indicates the perturbed model. Here, ∆ I (s) is any stable transfer functions satisfying, |∆ I (jw)| ≤ 1 ∀w, and W I (s) is usually termed a multiplicative weight.
Given a set of model perturbations in Eq. (5), the mixed-sensitivity H ∞ framework seeks a controller G c (s) which minimizes the cost function [5] is the complementary sensitivity function.
The weighting functions W 1 (s) and W 2 (s) in Eq (6) are used as a means to specify the robustness and performance of the closed loop system. Particularly, W 1 (s) is chosen to reduce the sensitivity function S(s) at low frequencies, i.e. good disturbance attenuation, and to ensure the robust performance for the perturbed plants through specifying the lowest performance bound. W 2 (s) is chosen to penalise the complementary sensitivity function T (s) at high frequencies, i.e. good stability margin, and most importantly to achieve the robust stability by letting [5] |W 2 (jw)| ≥ |W I (jw)|, ∀w. switching frequency, are plotted in Fig. 3 . In order to yield the smallest uncertainty region, the nominal plant, as illustrated by the solid line in Fig. 3 , is suggested as G vcn (s) = −343.244 s − 2.49 · 10 6 (s + 57.56) (s + 8.093 · 10 5 )
.
Following the procedure in [5] , one can easily obtain the magnitude of the relative uncertainty as shown in Fig. 4 . In order to cover all this uncertainty, the second-order weight 
is used. 
For simplicity, the weight W 2 (s) is chosen to be equal to W I (s), according to Eq. (7) . The optimization solution is obtained using the MATLAB Robust Control Toolbox. A direct result from the MATLAB routine is a 5 th -order controller. Using model reduction [5] , the following 3 rd -order robust compensator is achieved G c (s) = 9.6796 · 10 6 (s + 1) (s + 20.08) (s + 3.42 · 10 −3 ) (s + 5.09) (s + 3.45 · 10 6 ) .
V Controller performance analysis and discussions
The stability and performance of the reduced 3 rd -order H ∞ controller, as given in Eq. (11), can be verified by examining the magnitude of |W 2 (jw)T (jw)| and |W 1 (jw)S(jw)| + |W 2 (jw)T (jw)| against frequencies [5] . The results, as illustrated in Fig. 5 , show that |W 2 (jw)T (jw)| is always smaller than 1 over the frequency range of interest, while |W 1 (jw)S(jw)|+ |W 2 (jw)T (jw)| can remain below 1 at high frequencies only. This means that the compensator G c (s) can ensure robust stability but fails to achieve robust performance. In other words, the performance specifications, i.e. the gain margin, phase margin, bandwidth of the closed loop system given in term of W 1 (s), are not met for some plants in the uncertainty set.
The assessments of the stability and performance for the full 5 th -order controller, obtained in Section IV, are carried out in a similar way. The assessment results, which have not included in this paper due to limited space, confirm that the full order compensator can guarantee robust stability but also fails in the robust performance test. The results from the stability and performance assessments for both the full and reduced order controllers reveal that both stability and performance are preserved after the model reduction.
In order to further assess the performance of the reduced order controller G c (s), a large-signal simulation of the system in Fig. 1 , is used. The simulation is built based on a switched model of the flyback converter and implemented in the MAT-LAB/SIMULINK environment. Fig. 6 shows the simulated transient response of the flyback converter for a 0.165A to 3.15A step load and an input voltage V in = 150V . The results from Fig. 6 confirm that the controller can bring the output voltage close to the reference level but cannot achieve zero-steady error. This result is due to the absent of the integral action in the compensator G c (s).
The output transient response in Fig. 6 is robustly stable but has a long settling time. This result can be explained in the sense that due to the huge variation in the model dynamic, as shown in Fig. 3 , some performance has to be scarified in order to achieve robust stability.
VI Conclusion
This paper conducts a study of H ∞ robust control applied to a variable frequency flyback converter. The presence of the variable frequencies, in addition to the broad external disturbances, causing parametric variations, introduces another degree of variations into the plant and results in a very conservative uncertainty model which can easily fail the H ∞ synthesise procedure. The simulation results show that it is possible to design a single controller that can preserve robust stability over the whole working space of the flyback converter, but fails to maintain adequate robust performance.
